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Symmetric Bipartite Graphs of Prime VaIency 
PETER LORIMER 
The structure of a group which acts symmetrically on a bipartite graph of prime valency is 
described in terms of simple groups. This complements another paper of the author where the 
graphs other than the bipartite ones were discussed. 
1. PRELIMINARY 
In a group G of automorphisms of a graph I, the stabilizer H of a vertex v acts as a 
permutation group on the vertices adjacent to v. G is said to act symmetrically on I if 
it acts transitively on the vertices of I and H acts transitively on the vertices adjacent 
to v; this is equivalent to demanding that G acts transitively on the set of ordered 
edges of I. 
In [1] some aspects of the structure of groups which act symmetrically on graphs of 
prime valency were described. Excluded from consideration there were bipartite 
graphs, and they are the subject of this paper. 
Suppose that a group G acts symmetrically on a bipartite graph I of prime valency p. 
Let G I be a subgroup of G, minimal among those subgroups of G which act 
symmetrically on I, and let G2 be a subgroup of GI , maximal among those normal 
subgroups of GI in which only the identity fixes a vertex of I. The main result of this 
paper, Theorem 2, is that either G2 acts regularly on I or GI contains a normal 
subgroup N such that G2 s;;; N, N IG2 is a direct product of simple groups, all 'Conjugate 
in GI , Gd N is cyclic of even order and GIl G2 acts symmetrically on a graph of valency 
p which can be defined from I. 
Let I be a connected bipartite graph on which a group G acts vertex-transitively. 
The vertices of I can be split in a unique way into two subsets II and I 2 , each of 
which is an independent set; each edge of I joins a vertex of II to one of I 2 • II and 
I2 are called the components of I. 
Each member of G either fixes both II and I 2 , as a whole, or interchanges them. 
Those which fix II and I2 form a normal subgroup, Go, of index 2 in G. The stabilizer 
in G of each vertex of I is necessarily a subgroup of Go. 
lf G acts symmetrically on I then Go has the property that it acts transitively on each 
component, and that the stabilizer in Go of each vertex acts transitively on the vertices 
adjacent to it; equivalently, Go acts transitively on adjacent pairs (x, y) of vertices of I 
with x E Ii> Y E I 2 • It is conceivable that a subgroup of Go could also have this property 
and any group with it will be said to act 1/2-symmetrically on I. 
Vertex-transitive graphs can be constructed from groups in the following way, details 
of which can be found in [1] and [2, p. 42]. Let H be a subgroup of a group G and D a 
subset of G - H which is a union of double cosets of H with D-I = D. The vertices of 
the graph are to be the left cosets of H in G with glH and g2H adjacent if and only if 
g1 1g2 E D. G acts vertex-transitively on this graph by the action 
g:xH-gxH 
for each vertex xH. The valency of this graph is the number of left cosets of H in D, the 
graph is connected if and only if D generates G, and G acts symmetrically if and only if 
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D consists of just one double coset of H. If a group G acts vertex-transitively on a 
graph I, a copy of I together with the action of G on it, arises from this construction 
when H is taken to be the stabilizer of any vertex of I. 
The concept of a quotient graph comes into the statement of the theorems in the 
next section. Let K be a subgroup of G with H!';;; K. Then, with D as in the last 
paragraph, E = KDK - K is a union of double cosets of K in G - K and can be used to 
define a graph on the left cosets of K in G; it is called the quotient graph of I defined 
or induced by K. As each left coset K is a union of left cosets of H, each vertex in this 
graph can be taken to be a union of vertices of the graph of the left cosets of H. In the 
particular case that K = HN, where N is a normal subgroup of G, the valency of the 
quotient graph is not greater than the valency of I. If G acts symmetrically on I, it 
also acts symmetrically on any quotient graph of I. Details of this construction can be 
found in [1]. 
Here is a way of constructing symmetric bipartite graphs: it is mentioned here 
because one of the graphs mentioned in the conclusion of Theorem 2 is of this type. 
Let N be a group, tjJ: MI-M2 an isomorphism between two subgroups of N (not 
necessarily extendable to an automorphism of N) and let g be a member of M. n M2 
with tjJ(g) = g. Put Go = N x N and define a: Go- Go by the equation 
a(x, y) = (y, gxg- I). 
Then a is an automorphism of Go and a2 is the inner automorphism induced by its 
member (g, g). The two defining relations 
a2 = (g, g) 
az=a(z)a for all z E G 
make G = Go U aGo into a group (in G the automorphism z- a(z) of Go appears as the 
inner automorphism z_aza-I). Define 
H = {(x, tjJ(x»; x E M I } 
and 
D=HaH. 
Then the graph defined by D on the left cosets of H in G is bipartite and G acts 
symmetrically on it. This graph mayor may not be connected, depending on the nature 
of MI and M2 • 
Finally, in this section, here is a lemma that will be useful in the sequel: 
LEMMA 1. Let G be a group having a normal subgroup Go of index 2. Suppose that 
H is a subgroup of Go and that a E G - Go, a2 E H. Then G is generated by HaH if and 
only if Go is generated by H U aHa-I. 
PROOF. The proof is sufficiently obvious. o 
2. SYMMETRIC BIPARTITE GRAPHS OF PRIME VALENCY 
The purpose of this section is to investigate connected symmetric bipartite graphs of 
prime valency p. Let I be such a graph, having components II and I 2 , and let G be a 
group acting symmetrically on I. Let Go be the subgroup of G containing those of its 
members which fix II and I2 as a whole. Let v be a vertex of I, H its stabilizer in G 
and let a be a member of G - Go with the property that a2 E Hand a( v) is adjacent 
to v. 
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This section contains two theorems, both of which are stated in the notation of the 
last paragraph. The first is a general structural theorem and the second is a consequence 
of it. 
THEOREM 1. If N is a subgroup of Go which is a normal subgroup of G, then one of 
the following is true. 
(1) HN = Go, H n N = 1 and N acts regularly on II and I 2 • The subgroup of G 
generated by N and a acts transitively on I. 
(2) (H n aHa-I)N = HN = Go, IH n NI = p IH n aHa- 1 n NI and N acts 1/2-
symmetrically on I. The subgroup of G generated by N and a acts symmetrically on I. 
(3) HN n aHa-IN = (H n aHa-I)N, H n N = 1, IHNI = p IHN n aHa-1NI and GolN 
acts faithfully and 1/2-symmetrically on the quotient graph A of I defined by HN. A has 
valency p and GIN acts faithfully and symmetrically on A. 
The following two lemmas will be used in the proof: 
LEMMA 2. If HnN=aHa-1nN then HnN= 1. 
PROOF. Suppose that H n N = aHa- 1 n N = a(H n N)a- l • Then H n N is a normal 
subgroup of (H, a). As I is connected, < H, a) = G. Thus H n N is a normal subgroup 
of the permutation group G which lies in the stabilizer, H. Thus H n N = 1. 0 
LEMMA 3. One of the integers 
IHNI IHNnaHa-1NI 
I(H n aHa-I)NI' 
is equal to p and the other two are equal to 1. 
IHnNI 
IH n aHa-1 n NI 
PROOF. As the group in the denominator of each fraction is a subgroup of the 
group in the numerator, each of the numbers is an integer. 
As IHNIIH n NI = IHIINI and I(H n aHa-I)NIIH n aHa-1 n NI = IH n aHa-11INI, 
the product of these integers is IHI/IH n aHa-II, which is equal to p, a number 
assumed to be prime. 0 
PROOF OF THEOREM 1. Let D be the set of members f of G for which f (v) is adjacent 
to v. Then D is a union of double cosets of H in G and as H acts symmetrically on the 
vertices adjacent to v, D consists of just one double coset of H. As a(v) is adjacent to 
v, D = HaH. 
As I is connected, it follows from [1, Theorem 6] that HaH generates G and hence, 
by the lemma in the last section, that Go is generated by H U aHa-I. 
The different possibilities suggested by Lemma 3 will now be treated. 
Suppose that HN=HNnaHa-1N. Then HN=aHa-1N. As HUaHa- 1 generates 
Go, it follows that HN = Go. Suppose, also, that H n N = H n aHa-1 n N. Then, by 
Lemma 2, H n N = 1. As Hand aHa-1 are the stabilizers of two vertices of I, one in 
each component, it follows in this case that N acts regularly on II and I 2 • As a 
interchanges II and I 2 , the group generated by N and a acts transitively on I. As 
HN=HNnaHa-IN and HnN=HnaHa- 1 nN, it must be that IHNnaHa-1NI = 
p I(H n aHa-I)NI. This is the first outcome of the theorem. 
Suppose that HN=HNnaHa-IN, HNn aHa-IN = (HnaHa-1)N and IHnNI= 
p IH n aHa- 1 n NI. As above, HN = Go and N acts transitively on the vertices of each 
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component of I. As IH n NI = P IHn aHa-l n NI, H n N acts transitively on the p 
vertices of I adjacent to v. Thus N acts l/2-symmetrically on I. As a interchanges the 
two components of I, the subgroup generated by N and a acts symmetrically on I. 
This is the second outcome described in the theorem. 
The other possibility is that IHNI = p IHN n aHa-lNI, HN n aHa-IN = (H n 
aHa-l)N and H n N = H n aHa-l n N. Because of the last of these equations it 
follows from Lemma 2 that H n N = 1. Let A be the quotient graph of I defined by the 
subgroup HN of Go. The valency of A is equal to the number of left cosets of HN in 
HNaHN - HN. Now, 
IHNaHNI 
IHNI 
=p, 
IHNI 
so that A has valency p. The stabilizer of the vertex of A containing the vertex v of I is 
HN, and the kernel of the action of G on A is 
What has been written, up to now, about the normal subgroup N of G is equally true 
for the normal subgroup K. In particular, one of the numbers 
IHKI IHKnaHa-lKI 
I(HnaHa-l)KI' 
IHnKI 
IH n aHa-l n KI 
is equal to p and the other two are equal to 1. If HK = HK n aHa-lK it follows, as for 
the case that HN = HN n aHa-IN, that HK = Go. But K!;;;; HN *" Go so that HK *" Go. 
Hence IHKI = p IHK n aHa-lKI and, as a consequence, H n K = H n aHa- l n K. 
Then it follows, by Lemma 2, that H n K = 1. As N!;;;; g HN g-l for each g E G, 
N!;;;; K. Hence HN!;;;; HK. On the other hand, K!;;;; HN so that HN = HK. As N!;;;; K 
and H n K = 1 the only possibility is that N = K; i.e. N is the kernel of the 
representation of Go as a group of automorphisms of A As IHNI=p IHNnaHa-lNI, 
HN acts transitively on the vertices of A adjacent to the vertex of A containing the 
vertex v of I. As HN I N is the stabilizer of this vertex in A, it follows that Gol N acts 
l/2-symmetrically on A As N is a normal subgroup of G, GIN acts transitively on A 
and, hence, acts symmetrically. This is the third outcome of the theorem and completes 
the proof. 0 
This theorem has the following consequence. 
THEOREM 3. Let G l be a subgroup of G, minimal among those subgroups of G 
which act symmetrically on I and contain a. Let G2 be a subgroup of Gl n Go, maximal 
among those normal subgroups of Gl in which only the identity fixes a vertex of I. Then 
either: 
(1) G2 acts regularly on II and I 2 ; or 
(2) Gl n Go contains a unique subgroup N which is minimal among those normal 
subgroups of Gl which contain G2 but are different from G2 , and (a) N I G2 is a direct 
product of isomorphic simple groups, (b) GdN is a cyclic group generated by aN, (c) 
GdG2 is generated by a and anyone of the simple groups in (a), and (d) Gl/G2 acts 
symmetrically as a group of automorphisms of the quotient graph of I defined by 
(Hn Gl )G2 • 
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PROOF. Suppose that G2 acts regularly on one of ~\ and I 2 • Then aG2a-1 acts 
regularly on the other and, as aG2a- 1 = G2 , G2 acts regularly on both. This is the first 
conclusion of the theorem. 
Suppose, in the sequel, that G2 does not act regularly on II or I 2 • 
Let M be a subgroup of G1 n Go with G2 ~ M and M a normal subgroup of G1 • 
Suppose that G2 =1= M =1= G1 n Go. By the maximal property of G2 , H n M =1= I and, 
hence, conclusion (2) of Theorem I holds (with M in place of N). Thus M acts 
1/2-symmetrically on I and the subgroup of G1 generated by a and M acts 
symmetrically on I. By the minimal property of Gl> this latter subgroup must be G1 
itself. Thus G1 I M is a cyclic group generated by aM. 
Let N be a subgroup of G1 n Go which is minimal among the subgroups of G1 n Go 
which contain G2 properly and are normal subgroups of G1 • It follows from the 
previous paragraph that G1 I N is the cyclic group generated by aN and, hence, N is 
uniquely determined. 
If N I G2 is a simple group then conclusion (2) of the theorem is clearly satisfied. 
Suppose, in the sequel, that N IG2 is not simple: it then contains a proper normal 
subgroup. 
Next, let K be a proper normal subgroup of G1 n Go which contains G2 properly and 
is not a normal subgroup of G1• In these circumstances K =1= aKa -1 and these two 
subgroups are the only conjugates of K in G1 • Hence K n aKa-1 and K· aKa- 1 are 
both normal subgroups of G1 and K n aKa- 1 =1= K =1= K· aKa-I. As K =1= G2 , 
K· aKa-1 =1= G2 and it follows from the third to last paragraph that G1 is generated by 
K· aKa- 1 and a. Thus N ~ K· aKa-I. On the other hand, if G2 =1= K n aKa-I, G1 is 
generated by K n aKa-1 and a, which is impossible as G1 I (K n aKa-I) contains the 
non-normal subgroup K I (K n aKa-I). Hence K n aKa-1 = G2 and (K· aKa-I) I G2 is 
the direct product of the groups K I G2 and aKa- 1 I G2 , i.e. 
(K· aKa-I) I G2 = K I G2 X aKa- 1 I G2 • 
Suppose that K is a normal subgroup of G1 n Go and G2 ~ K ~ N. If K is a normal 
subgroup of G1 then, by the minimal property of N, K = G2 or K = N. Suppose that 
G2 =1= K =1= N. Then K is not a normal subgroup of G1 and, by the previous paragraph 
and the minimal property of N, 
N I G2 = K I G2 X aKa-1 I G2 • 
Now, let T be a subgroup of N, minimal among the proper normal subgroups of N 
which contain G2 properly, i.e. T I G2 is a minimal proper normal subgroup of N I G2 • 
If b is any member of Gl> then b Tb -1 is also a normal subgroup of N which contains 
G2 • Hence, by the minimal property of T, either bTb-1 = Tor bTb-1 n T = G2 • 
Let U be the subgroup of N generated by T and its conjugates within G1 n Go. This 
is a proper normal subgroup of G1 n Go and hence, by the above, either N = U or 
N I G2 = (U I G2 ) x (aUa- 1 I G2). In either case, a standard induction argument shows 
that N I G2 is a direct product of T and some of its conjugates. Moreover, as G1 I N is a 
cyclic group generated by aN, G1 is generated by T and a. 
Next, it will be shown that T is a simple group. Suppose that S is a normal subgroup 
of Twhich contains G2 , i.e. S I G2 is a normal subgroup of T I G2 • As N I G2 is a direct 
product of T I G2 and some other groups, S I G2 is also a normal subgroup of N I G2 • 
Hence, by the minimal property of T, S = T; i.e. T is simple. 
Because of the maximal property of G2 , H n N =1= 1. Hence N acts 1/2-symmetrically 
on I and, thus, cannot be abelian. 
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Part (d) of conclusion (2) follows directly from the early discussion of quotient 
graphs. 
Thus Theorem 3 is proved. 0 
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